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Abstract
We apply differential renormalization method to the study of three-
dimensional topologically massive Yang-Mills and Chern-Simons theo-
ries. The method is especially suitable for such theories as it avoids the
need for dimensional continuation of three-dimensional antisymmetric
tensor and the Feynman rules for three-dimensional theories in coordi-
†ICSC-World Laboratory, Switzerland
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nate space are relatively simple. The calculus involved is still lengthy
but not as difficult as other existing methods of calculation. We com-
pute one-loop propagators and vertices and derive the one-loop local
effective action for topologically massive Yang-Mills theory. We then
consider Chern-Simons field theory as the large mass limit of topologi-
cally massive Yang-Mills theory and show that this leads to the famous
shift in the parameter k. Some useful formulas for the calculus of dif-
ferential renormalization of three-dimensional field theories are given in
an Appendix.
PACS: 03.70, 11.15. B, 11.10. G
Keywords: Differential regularization, Short-distance expansion, Local effective
action, Finite renormalization
I. INTRODUCTION
The differential renormalization (DR) method was proposed by Freedman, John-
son and Latorre [1] to deal with the ultraviolet divergences of quantum field theories
few years ago. Its original idea came from the observation that primitively diver-
gent amplitudes are well defined in coordinate space for non-coindent points, but
too singular at short distance to allow a Fourier transform into momentum space.
They proposed to renormalize such an amplitude by first writing its singular parts
as derivatives of some less singular functions that have well defined Fourier transfor-
mations, then performing Fourier transformations of such functions and discarding
the surface terms. This idea is clearly illustrated when one applies it to the one-loop
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4-point bubble graph of massless φ4 theory in 4-dimensional space-time. As we know,
the amplitude of this graph involves the function 1/x4 that is singular at x = 0,
corresponding to an ultraviolet divergence. To realize its differential renormalization
we follow ref. [1] and use the identity,
1
x4
= −
1
4
✷
ln(x2M2)
x2
, for x6=0. (1)
The function ln(x2M2)/x2 has a well defined Fourier transform 4π2 ln(p2/M
2
)/p2,
where M =M/γ and γ is Euler’s constant. After discarding the surface term we are
left with −π2 ln(p2/M
2
) as the regulated Fourier transform of 1/x4.
The DR method has been applied to many cases including massless φ4 theory
up to three-loop order [1], one-loop massive φ4 theory [2], supersymmetric Wess-
Zumino model up to three loops [3], Yang-Mills theory in background field method
up to one-loop [1], QED up to two loops [4] and low dimensional Abelian gauge
theories to one-loop [5]. Its relation with the conventional dimensional regularization
in some theories [6, 22] and compatibility with unitary have been investigated [7]
and it has been shown to be simpler and more powerful than other regularizations in
many cases.
In this paper we shall use the DR method to study the perturbative three dimen-
sional topologically massive Yang-Mills theory (TMYM) and Chern-Simons theory
(CS) which, as will be shown, it is especially suited for.
The action of TMYM [8], which is obtained by adding to the standard non-
Abelian gauge action, the Chern-Simons term, can be written in Euclidean space
as,
Sm = −i
k
4π
∫
x
ǫµνρ
(
1
2
Aaµ∂νA
a
ρ +
1
3!
fabcAaµA
b
νA
c
ρ
)
+
|k|
16mπ2
∫
x
F aµνF
µνa , (2)
where the integration
∫
x
≡
∫
d3x is over the whole R3. The first term, i.e., the
3
Chern-Simons term, exists only in three dimensions. It is easy to see that under a
gauge transformation U the action transforms as
Sm → Sm − 2πikSWZ ,
SWZ =
1
24π2
∫
x
ǫµνρTr
(
U−1∂µUU
−1∂νUU
−1∂ρU
)
.
As it is well known, the Wess-Zumino term SWZ takes integer value, so the theory
is expected to be gauge invariant at the quantum level when k takes integer value.
At the same time, an interesting property of Sm is that the gauge excitations are
massive, with mass m. This property exits only in three dimensions and is not shared
by other dimensions.
The perturbative property of TMYM was studied in [8, 9], where it was pointed
out that the computations involved are not trivial and require diligence. In our view,
dimensionality plays an important role in defining three-dimensional TMYM because
much of the topological properties of the theory are derived from the properties of
three dimensional antisymmetric tensor ǫµνρ. A calculation without using dimensional
continuation is therefore called for. We are furthermore motivated to study the theory
with DR by the fact that in three dimensions, propagators of TMYM in coordinate
space have analytic forms that are particularly suited for the application of this
method.
During the past several years a number of studies of perturbative Chern-Simons
theory have been carried out using a variety of regularization schemes including:
higher covariant derivative (HCD) combined with generalized Pauli-Villars regular-
ization [10]; HCD combined with dimensional regularization [11, 12]; operator reg-
ularization [13]; η function regularization [14]; geometric regularization [15] and
Feynman propagator regularization [16]. Especially recently an understanding on the
perturbative behaviour of CS from supersymmetric Yang-Mills-Chern-Simons theory
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has appeared [17] and a more strict mathematical treatment from the geometric view-
point has been discussed in ref. [18]. From these studies there emerges the so-called
k-shift problem in three-dimensional CS, which is concerned with whether quantum
correction change the value of the parameter k. It appears that whether the value of
k shifts or not depends on the regularization scheme [19, 20], – some of the calcula-
tions in these studies showed the k-shift while others did not. In ref. [19], an analysis
shows a family of shift can be generated, which depends on the parity property of the
regulator.
As we know, Chern-Simons action is just the first term in Eq.(2). Obviously we
can consider TMYM as a partially (high covariant derivative) regulated version of CS
or, alternatively, CS as the large mass limit (m→∞) of TMYM [11]. So a calculation
of the perturbative property of three-dimensional TMYM yields a study of the k -shift
problem of three-dimensional CS as a by-product. Our result confirms the existence
of k-shift and coincides with the case of scalar regulators of ref. [19].
This paper is organized as follows. In section II we present the Feynman rules of
TMYM in coordinate space. Section III is devoted to explicit calculations of one-loop
amplitudes needed for the computation of one-loop local effective action, where we
have obtained ghost self-energy, vacuum polarization tensor and gauge boson-ghost-
ghost vertex. In Section IV Slavnov-Taylor identity is explicitly derived and used
in combination of results from Section III to determine the one-loop local effective
action. In section V, as an example demonstrating the usefulness of formulas given
in Appendix, we give a result for the self-energy of gauge field in three-dimensional
QED. In section VI, we discuss and summarize the results. Some formulas utilized in
the calculation are given in the Appendix. These formulas should also be useful for
DR calculations of other low-dimensional field theories.
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II. FEYNMAN RULES IN COORDINATE SPACE
By defining g2 = 4π/|k| and rescaling A→ A/g, we rewrite TMYM action (1) as
Sm = −i sgn(k)
∫
x
ǫµνρ
(
1
2
Aaµ∂νA
a
ρ +
1
3!
gfabcAaµA
b
νA
c
ρ
)
+
1
4m
∫
x
F aµνF
µνa , (3)
whose corresponding BRST invariant action in the Landau gauge is
S[A, c, c¯, B,m] = Sm +
∫
x
[∂µc¯
aDµca +Ba∂µA
µa] . (4)
The BRST transformation of the fields are
δAaµ = Dµc
a , δc¯a = Ba ,
δca = −
1
2
gfabccbcc , δBa = 0 .
(5)
Here we choose the Landau gauge because of its good infrared behavior [9]. For a
pure Chern-Simons field theory, the Landau vector supersymmetry [20, 23, 24],
vµA
a
ν = i sgn(k)ǫνµρ∂
ρca , vµc
a = 0 ,
vµc¯
a = Aaµ , vµB
a = −Dµc
a ,
(6)
which only exists in the Landau gauge, plays a crucial role in the cancellation of the
infrared divergence. Although the inclusion of Yang-Mills term in TMYM breaks this
symmetry, it does not ruin the cancellation of the infrared singularity.
The generating functional can be formally written as
Z[J, η, η¯,M ] =
∫
DADBDcDc¯ exp
(
−S −
∫ [
JaµA
a
µ + η¯
aca + c¯aηa +BaMa
])
. (7)
Differential regularization works in coordinate space, so we need the Feynman rules
in coordinate space. Defining
Gabµν(x− y) = < 0|T [A
a
µ(x)A
b
ν(y)]|0 > ,
Λabµ (x− y) = < 0|T [A
a
µ(x)B
b(y)]0 > ,
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Λab(x− y) = < 0|T [Ba(x)Bb(y)]0 > ,
Sab(x− y) = < 0|T [ca(x)c¯b(y)]|0 > ,
< 0|T [Aaµ(x)A
b
ν(y)A
c
ρ(y)]|0 > =
∫
x′
∫
y′
∫
z′
Gaa
′
µµ′(x− x
′)Gbb
′
νν′(y − y
′)Gcc
′
ρρ′(z − z
′)
×Γa
′b′c′
(3)µ′ν′ρ′(x
′, y′, z′) ,
< 0|T [Aaµ(x)A
b
ν(y)A
c
ρ(z)A
d
σ(w)|0 > =
∫
x′
∫
y′
∫
z′
Gaa
′
µµ′(x− x
′)Gbb
′
νν′(y − y
′)×
Gcc
′
ρρ′(z − z
′)Gdd
′
σσ′(w − w
′)Γa
′b′c′d′
(4)µ′ν′ρ′σ′(x
′, y′, z′, w′) ,
< 0|T [ca(x)c¯c(z)Abµ(y)]|0 > =
∫
x′
∫
y′
∫
z′
Saa
′
(x− x′)Gbb
′
µµ′(y − y
′)Sc
′c(z′ − z)
×Λa
′b′c′
µ′ (x
′, y′, z′) , (8)
we obtain Feynman rules as follows (Fig. 1),
G(0)abµν (x− y) ≡ δ
abDµν(x− y)
= −δab
[
i sgn(k)ǫµνρ∂
ρ
x +
1
m
(
δµν∇
2x − ∂xµ∂
x
ν
)] (1− e−m|x−y|)
4π|x− y|
,
Λ(0)abµ (x− y) ≡ δ
abΛµ(x− y) = −δ
ab∂xµ
1
4π|x− y|
,
Λ(0)ab(x− y) = 0 ,
S(0)ab(x− y) ≡ δabS(x− y) = δab
1
4π|x− y|
,
Γ
(0)abc
(3)µνρ(x, y, z) = gf
abc
[
i sgn(k)ǫµνρ −
1
m
[(∂yµ − ∂
z
µ)δνρ + (∂
z
ν − ∂
x
ν )δρµ
+(∂xρ − ∂
y
ρ )δµν
] ∫
u
δ(3)(x− u)δ(3)(y − u)δ(3)(z − u) ,
Γ
(0)abcd
(4)µνρσ(x, y, z, w) =
g2
m
[
f eabf ecd(δνρδσµ − δνσδµρ) + f
eacf edb(δρσδνµ − δνρδµσ)
+f eadf ebc(δσνδρµ−δσρδµν)]
∫
u
δ(3)(x− u)δ(3)(y − u)δ(3)(z − u)δ(3)(w − u) ,
Λ(0)abcµ (x, y, z) = gf
abc∂xµ
∫
u
δ(3)(x− u)δ(y − u)δ(z − u) , (9)
where the superscript “ (0) ” denotes free propagators or bare vertices. We can see that
the propagators given above are much simpler in comparison with their counterparts
in 4-dimensional massive theories, which are Bessel functions [21].
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III. ONE-LOOP AMPLITUDES
Now we use DR to to carry out the one-loop renormalization of TMYM. Naive
power counting suggests that some of the one-loop diagrams should be ultraviolet
divergent. But as we will show, in some sense, TMYM is essentially a finite theory
[9]. Purely for the purpose of making this finiteness manifest (DR does not require
it), we introduce a short distance cutoff by excluding a small ball Bǫ of radius ǫ about
the origin as in [1, 7]. Denote the region R3 − Bǫ by R
3
ǫ .
Let us analyze the one-loop ghost self-energy first. Its Feynman diagram is shown
in Fig. 2. The Fourier transformation of its amplitude is
− g2CV δ
ab
∫
R3
ǫ
∂xµ(e
−ip.x)Dµν(x)∂
x
νS(x) . (10)
Here we would like to emphasize that we need to be careful about the positions of
the partial differential operators in the Feynman rules of (9). By using (9) and the
formulas in Appendix we have
S(1)ab(p) = δab
g2CV
8π2m
∫
R3
ǫ
e−ip.xipµxµ
[
1− e−mr
r6
−
me−mr
r5
]
. (11)
Writing singular functions at r = 0 in the above integrand as derivatives of less
singular functions, we get
S(1)ab(p) = −δab
g2CV
8π2m
∫
R3
ǫ
e−ip.xipµ∂µ
[
∇2
1− e−mr
8r2
+
m2e−mr
4r2
−
m3e−mr
6r
−
m4Ei(−mr)
8
]
, (12)
where Ei(x) is the exponential integral function:
Ei(−mr) =
∫ −mr
−∞
dt
et
t
. (13)
Particular attentions should be paid to differential operators in (12) when we perform
the Fourier transformation. For example,
8
∫
R3
ǫ
e−ip.x∇2
1− e−mr
8r2
=
∫
R3
ǫ
[
∇2
(
e−ip.x
1− e−mr
8r2
)
−2 ∂µe
−ip.x∂µ
1− e−mr
8r2
+ p2 e−ip.x
1− e−mr
8r2
]
=
mπ
2
+ p2
∫
R3
ǫ
e−ip.x
1− e−mr
8r2
,
(14)
where the first term on the right-hand-side is a surface term from the cut-off ball Bǫ.
Finally, using the formulas in Appendix, we obtain the one-loop ghost self-energy
S(1)ab(p) = −δab
g2CV
16π2
p2
 πp
2m
+
m2
p2
− 1−
m
p
(
p
m
−
m
p
)2
arctan
p
m
 , (15)
where p≡|p|.
The one-loop gluon vacuum polarization part can be computed in a similar way.
The proper gluon self-energy is determined by gauge symmetry to have the form:
Πabµν(p) = δ
ab [Πoµν(p) + Πeµν(p)]
= δab
[
sgn(p)ǫµνρpρΠo(p
2)−
1
m
(
δµνp
2 − pµpν
)
Πe(p
2)
]
, (16)
where the subscripts “ o ” and “ e ” denote parity-odd and parity-even respectively.
The single ghost-loop contribution to the vacuum polarization tensor (Fig. 3b) is
− δab
g2CV
16π2m
∫
R3
ǫ
e−ip.x∂µ
1
r
∂ν
1
r
. (17)
Combining it with the contribution from the singular gluon-loop, we have
Πoµν(p) = i sgn(k)
g2CV
16π2
∫
R3
ǫ
e−ip.xǫµνρ∂
ρ
[
9
m3r6
(1− e−mr)2
−
18
m2r5
(1− e−mr)e−mr +
1
mr4
(
−1−
13
2
e−mr +
33
2
e−2mr
)
−
1
2r3
e−mr
+
9
r3
e−2mr +
m
4r2
e−mr −
m2
4r
e−mr −
m2
4r
e−mr −
m3
4
Ei(−mr)
]
= i sgn(k)
g2CV
16π2
∫
R3
ǫ
e−ip.xǫµνρ∂
ρ
[
3
8m3
(∇2)2
(1− e−mr)2
r2
+∇2
(
−
1
2
+
5
4
e−mr −
3
4
e−2mr
mr2
)
+
m
r2
(
−
1
4
e−mr − 3e−2mr
)
−
m2
4r
e−mr −
m3
4
Ei(−mr)
]
.
(18)
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Again after performing Fourier transformation we obtain
Πo(p
2) =
g2CV
16π2
[(
3
p3
m3
+ 5
p
m
−
m
p
−
m3
p3
)
arctan
p
m
+
(
−
3
2
p3
m3
−3
p
m
+ 12
m
p
)
arctan
p
2m
−
3
4
π
p3
m3
− π
p
m
+
m2
p2
+ 2
]
. (19)
The calculation of one gluon-loop contribution to Πe(p
2) is similar but tedious. The
result is
Πe(p
2) =
∫
R3
ǫ
e−ip.x
g2
16π2
CV
[
3
2m4r6
(1− e−mr)2 −
3
m3r5
e−mr(1− e−mr)
+
1
m2r4
(
1
8
−
11
4
e−mr +
33
8
e−2mr)−
1
mr3
(
7
4
e−mr +
17
4
)
e−2mr
+
1
r2
(
7
8
e−mr +
1
4
e−2mr
)
−
1
r
(
m
2
e−2mr −
7m
8
e−mr
)
− m2Ei(−2mr)−
7m2
8
Ei(−mr)
]
=
∫
R3
ǫ
e−ip.x
g2
16π2
CV
{
∇4
[
1
16
1
m4r2
(1− e−mr)2
]
+∇2
[
1
m2r2
(
1
16
−
5
8
e−mr +
9
16
e−2mr
)]
+
1
r2
(
13
8
e−mr − 3e−2mr
)
−
m
2r
e−2mr −
7m
8r
e−mr −m2Ei(−2mr)−
7m2
8
Ei(−mr)
}
= −
g2CV
32π
[(
−8
m3
p3
+ 24
m
p
+
9
2
p
m
−
1
2
p3
m3
)
arctan
p
2m
+(
−7
m3
p3
− 13
m
p
− 5
p
m
+
p3
m3
)
arctan
p
m
+ 11
m2
p2
+
π
4
p
m
−
π
4
p3
m3
+ 5
]
. (20)
The next step is to construct the local part of the one-loop effective action and to
demonstrate renormalization explicitly. From general principles [25] we know that
this construction requires at least one one-loop three-point Green function. Here we
choose the one-loop vertex Acc¯, whose Feynman diagrams is shown in Fig. 4.
The amplitudes, which we know is divergentless from dimensional analysis, can
be written from Fig. 4 as
V abcµ (p, q, r) =
1
2
g3CV f
abc
∫
x
∫
y
e−i(p.x+q.y)
[
V (a)µ (x, y) + V
(b)
µ (x, y)
]
, (21)
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where p+ q + r = 0. The contribution from Fig. 4a is
V (a)µ (x, y) = iqν∂
x
µS(x− y)∂
x
ρS(x)Dνρ(y)
= −iqν
1
(4π)3
∂xµ
1
|x− y|
∂xρ
[
1
x
(
1− e−mx
)]
×
[
−i sgn(k)ǫνρα∂
y
α −
1
m
δνρ∇
2y +
1
m
∂yν∂
y
ρ
]
1
y
(
1− e−my
)
.
(22)
For our purpose, that is, to construct the local part of the effective action, only the
zero-momentum limit of this amplitude is needed,
V (a)abcµ (p, q, r) = −g
3CV
2
fabc
17
36
1
4π
iqµ + · · · . (23)
The amplitude from Fig. 4b can be reduced to
V (b)abcµ (p, q, r) =
CV
2
fabc
∫
x
∫
y
ei(q.y+r.x) [−i sgn(k)ǫµνρqλ∂
x
σS(x− y)Dνλ(y)Dρσ(x)
−
1
m
pρqλ∂
x
σS(x− y)Dµλ(y)Dρλ(x) +
1
m
iqλ∂
x
σS(x− y)∂
y
µDρλ(y)Dρσ(x)
−
1
m
iqλ∂
x
σS(x− y)∂
y
ρDµλ(y)Dρσ(x) +
1
m
iqλ∂
x
σS(x− y)Dνλ(y)∂
x
µDνσ(x)
−
1
m
iqλ∂
x
σS(x− y)Dνλ(y)∂
x
νDµσ(x) +
1
m
pνqλ∂
x
σS(x− y)Dνλ(y)Dµσ(x)
]
,
(24)
which, after a similar analysis and a lengthy calculation yields the zero-momentum
limit
V (b)abcµ (p, q, r) =
CV
2
fabc
17
36
1
4π
iqµ + · · · . (25)
From Eqs.(21), (23) and (25), we conclude that one-loop Acc¯ vertex takes the form
V abcµ = 0 + · · · . (26)
This means precisely that Z˜(0) = 1 to one-loop order, Z˜(0) denotes the Acc¯ vertex
renormalization constant defined at p2 = 0. In fact this is the correct result to any
order in perturbation expansion for a gauge theory.
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IV. ONE-LOOP LOCAL EFFECTIVE ACTION
Having computed the vacuum polarization tensor, the ghost self-energy and the
Acc¯ vertex, we are now in a position to derive the local effective action. Our method
is the same as that used in [11] for Chern-Simons theory.
We define the generating functional Z[J, η, η¯,M,K, L] with the external fields Kaµ
and La respectively coupled to non-linear BRST transformation products Dµc
a and
−gfabccbcc/2 as
Z[J, η, η¯,M,K, L] =
∫
DX exp
[
−
(
S +
∫
x
(
JaµA
µa + η¯aca + c¯aηa
+BaMa +KaµD
µca + La
(
−
1
2
gfabccbcc
))]
,
(27)
where X = (Aµ, B, c, c¯). The Slavnov-Taylor identity arising from the BRST trans-
formation in (5) is
∫
x
[
Jaµ
δ
δKaµ
− η¯a
δ
δLa
+ ηa
δ
δMa
]
Z = 0 . (28)
In addition, the invariance of Z[J, η, η¯,M,K, L] under the translations Ba(x) →
Ba(x) + λa(x), c¯a(x) → c¯a(x) + ωa(x) leads respectively to the B-field and anti-
ghost field equations: [
∂µ
δ
δJaµ
−Ma
]
Z = 0 , (29)
[
∂µ
δ
δKaµ
− ηa
]
Z = 0 . (30)
Defining the generating functional for the connected Green function W and that for
the one-particle-irreducible Green function Γ ( i.e., the quantum effective action) as,
W [J, η, η¯,M,K, L] = −lnZ[J, η, η¯,M,K, L]
Γ[Aaµ, B
a, ca, c¯a, Kaµ, L
a] =W [Aaµ, B
a, ca, c¯a, Kaµ, L
a]−
(
AµaJaµ +B
aMa + η¯aca + c¯aηa
)
,
(31)
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we obtain the actions of the Slavnov-Taylor identity, the B-field and the anti-ghost
field equations on Γ:
∂µA
µa +
δΓ
δBa
= 0 , (32)
∂µ
δΓ
δKaµ
−
δΓ
δc¯a
= 0 , (33)
∫
x
[
δΓ
δAµa
δΓ
δKaµ
−
δΓ
δca
δΓ
δLa
]
= 0 . (34)
By a re-definition of Γ:
Γ¯ = Γ +
∫
x
Ba∂µAaµ , (35)
these equations become:
δΓ¯
δBa
= 0, ∂µ
δΓ¯
δKaµ
−
δΓ¯
δc¯a
= 0 , (36)
∫
x
[
δΓ¯
δAµa
δΓ¯
δKaµ
−
δΓ¯
δca
δΓ¯
δLa
]
= 0 . (37)
The first relation in Eq.(36) means that the re-defined action Γ¯ is independent of
Ba and the second relation implies that Kaµ and c¯
a always appear in Γ¯ through the
combination
Gaµ(x) = K
a
µ − ∂µc¯
a . (38)
Now we introduce the loop-wise expansion for Γ¯:
Γ¯ =
∞∑
n=0
h¯nΓ¯(n) , (39)
where Γ¯(0) is the classical effective action without the gauge-fixing term
∫
x
Ba∂µAaµ:
13
Γ¯(0) = −i sgn(k)
∫
x
ǫµνρ
(
1
2
Aaµ∂νA
a
ρ +
1
3!
gfabcAaµA
b
νA
c
ρ
)
+
1
4m
∫
x
F aµνF
µνa +
∫
x
[
GaµD
µca + La
(
−
1
2
gfabccbcc
)]
.
(40)
Substituting this expansion into Eq.(37) and comparing the coefficients of the h¯0 and
h¯1 terms lead to ∫
x
[
δΓ(0)
δAµa
δΓ(0)
δGaµ
−
δΓ(0)
δca
δΓ(0)
δLa
]
= 0 (41)
and
∆Γ(1) = 0 , (42)
where we have used the relation
δ
δGaµ
=
δ
δKaµ
. (43)
∆, the linear Slavnov-Taylor operator
∆ =
∫
x
[
δΓ¯(0)
δAµa
δ
δGaµ
+
δ
δAµa
δΓ¯(0)
δGaµ
−
δΓ¯(0)
δca
δ
δLa
−
δ
δca
δΓ¯(0)
δLa
]
, (44)
is the quantum analogue of the classical BRST operator and is nilpotent :
∆2 = 0 . (45)
Now we follow the method of [11, 20] to find the solution to Eq.(42). From the
requirement of zero ghost-number and mass dimension 3 we determine the general
form of one-loop effective action to be that∗ 1
1Rigorously speaking, the one-loop local effective action given here is not perfect, it
should contain other (1/m)n (n≥1) dependent higher covariant derivative terms such as
1
m2n+1
∫
x
Fµν(D
2)nFµν ,
1
m
∆
∫
x
ǫµνρGaµ and
1
m
∆
∫
x
(Laca)(c¯bcb) etc. They also have cor-
rect mass dimension and ghost number. However since in this section our aim is at the
large m-limit, we have put these 1/m terms out of consideration
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Γ(1) = α1
[
−i sgn(k)
∫
x
ǫµνρ
(
1
2
Aaµ∂νA
a
ρ +
1
3!
gfabcAaµA
b
νA
c
ρ
)]
+α2
1
4m
∫
x
F aµνF
µνa +∆
∫
x
[β1G
µaAaµ + β2L
aca]
= −i sgn(k)(α1 + 2β1)
∫
x
1
2
ǫµνρAaµ∂νA
a
ρ
−i sgn(k)(α1 + 3β1)
∫
x
1
3!
ǫµνρfabcAaµA
b
νA
c
ρ
+(α2 + 2β1)
1
4m
∫
x
(∂µAνa − ∂νAµa)(∂µA
a
ν − ∂νA
a
µ)
+(α2 + 3β1)
1
2m
∫
x
gfabc(∂µA
a
ν − ∂νA
a
µ)A
µbAνc
+(α2 + 4β1)
1
4m
∫
x
g2f eabf ecdAaµA
b
νA
µcAνd + β1
∫
x
Gaµ∂
µca
+β2
∫
x
GaµD
µca − β2
∫
x
1
2
gfabccbcc , (46)
where αi and βi are constant coefficients. In comparison with CS [11, 20], we find
that the formal large-m limit of above effective action has the same form as that in
refs. [11, 20], i.e., the difference lies only in the mass dependent terms. By using the
results given in the last section and choosing the renormalization point at |p| = 0, we
can determine the values of the parameters as follows:
α1 =
g2CV
4π
, α2 = −
g2CV
32π
, β1 = −
g2CV
16π
, β2 = 0 . (47)
Thus, up to one-loop the explicit local effective action is:
Γlocal = Γ
(0) + Γ
(1)
local
=
(
1 +
1
4π
g2CV
)
[−i sgn(k)]
∫
x
ǫµνρ
(
1
2
Aaµ∂νA
a
ρ +
1
3!
AaµA
b
νA
c
ρ
)
+
1
4m
(
1−
1
32π
g2CV
) ∫
x
F µνaF aµν
−∆
(
1
16π
g2CV
∫
x
GaµA
a
µ +
∫
x
Laca
)
+
∫
x
Ba∂µAaµ
=
(
1 +
1
4π
g2CV
)
[−i sgn(k)]
∫
x
ǫµνρ
(
1
2
Aaµ∂νA
a
ρ +
1
3!
AaµA
b
νA
c
ρ
)
+
1
4m
(
1 +
9
32π
g2CV
)−1 ∫
x
F µνaF aµν
−∆
(
1
16π
g2CV
∫
x
GµaAaµ +
∫
x
Laca
)
+
∫
x
Ba∂µAaµ . (48)
15
Finally the one-loop effective action of CS can be easily obtained by taking the large-
mass limit m→∞. Obviously the wave-function renormalization constants are
ZA = Z
−1
B = Z
−1
G = 1−
1
16π
g2CV , ZL = Z
−1
C = 1 . (49)
This result can be cast into k−shift form, i.e.,
k → k + sgn(k)CV . (50)
V. GAUGE FIELD SELF-ENERGY IN THREE-DIMENSIONAL QED
In the Appendix are given some formulas which are useful for computation in
the study of any three-dimensional theory in coordinate space. Here, by the way,
we would like to point out that, as an example, using these formulas we can get the
one-loop self-energy part for the gauge field in three-dimensional massive QED an
analytic expression whose integral form was given in ref. [5],
Πij(p) = −
e2
8π
(
δijp
2 − pipj
) [2m
p2
+
(
1
p
−
4m2
p3
)
arctan
p
2m
]
−me2ǫijk
1
2πp
arctan
p
2m
, (51)
where the notation is the same as that in ref. [5].
VI. SUMMARY
We carried out the one-loop calculation of the topologically massive Yang-Mills
theory and Chern-Simons theory in coordinate space using the method of differential
renormalzation. Our calculation shows that the method is very powerful and is espe-
cially suited for quantum field theories in three dimensions. The results we obtained
on TMYM coincide with those of ref. [9], which used the method of dimensional
16
regularization. However, as was pointed out in ref. [9], the calculus of dimensional
regularization for a theory in three dimensions is subtle and perhaps even problem-
atic, not least because of the need for a dimensional continuation of the antisymmetric
tensor ǫµνρ; it is not known to what extent the calculated renormalization of a field
theory such as TMYM, whose property is closely tied to the dimension of space-time,
could be an artifact of this continuation. In differential renormalzation there is not
such an ambiguity because one does not change the dimension of space-time so there
is no need for a continuation of the antisymmetric tensor. It is therefore reassuring
that the two sets of results agree. For Chern-Simons field theory our result shows the
shift k to k + sgn(k)CV , which coincides with the case of scalar regulator of ref. [19].
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APPENDIX A:
1. Differential formulas
Defining
f (n) ≡
(
1
r
d
dr
)n
f(r) , f(r) =
1− e−mr
r
,
(A1)
and denoting ∂1 = ∂i1 , x1 = xi1 etc, we have
∂1∂2 · · ·∂2nf = (δ12δ34 · · · δ2n−1,2n + permutations)f
(n)
+(x1x2δ34δ56 + permutations)f
(n+1)
+(x1x2x3x4δ56δ78 · · · δ2n−1,2n + permutations)f
(n+2)
+ · · ·+ (x1x2 · · ·x2n)f
(2n) ,
(A2)
∂1∂2...∂2n+1f = (x1δ23δ45 · · · δ2n,2n+1 + permutations)f
(n+1)
+(x1x2x3δ45 · · · δ2n,2n+1 + permutations)f
(n+2)
+ · · ·+ (x1x2 · · ·x2n+1)f
(2n+1) .
(A3)
Some examples are:
∂if = xif
(1) ,
∂i∂jf = δijf
(1) + xixjf
(2) ,
∂i∂j∂kf = (xiδjk + xjδki + xkδij)f
(2) + xixjxkf
(3) .
(A4)
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2. Fourier transforms of some functions
∫
x
1
x2
eip.x =
2π2
|p|
.
∫
x
e−nmx
x
eip.x =
4π
n2m2 + p2
.∫
x
e−nmx
x2
eip.x =
4π
p
arctan
p
nm
.
∫
x
Ei(−nmx)eip.x = −
8π
p3
[
π
4
−
1
2
arctan
mn
p
−
1
4
mnp
p2 +m2n2
]
.
(A5)
3. Integrals over R3ǫ
Recall that R3ǫ is R
3 excluding a small ball Bǫ of radius ǫ about the origin.
∫
R3
ǫ
e−ip.x∂µf(x) = −if(ǫ)4π
pµ
p
d
dp
[
sin(pǫ)
p
]
+ ipµ
∫
x
e−ip.xf(x) .
(A6)
∫
R3
ǫ
e−ip.x∂µ∂νf(x) = 4π
1
ǫ
d
dx
f(x)|x=ǫ
∂
∂pµ
∂
∂pν
[
sin(pǫ)
p
]
+4πf(ǫ)
∂
∂pµ
∂
∂pν
[
sin(pǫ)
p
]
− pµpν
∫
x
e−ip.xf(x) .
(A7)
∫
R3
ǫ
e−ip.x∂2∂µf(x) = −i(4π)∂
2f(x)|x=ǫ
∂
∂pµ
[
sin(pǫ)
p
]
+i4πpµpαǫf(ǫ)
∂
∂pα
[
sin(pǫ)
p
]
−i4πǫpµ
d
dx
f(x)|x=ǫ
sin(pǫ)
p
− ipµp
2
∫
x
e−ip.xf(x).
(A8)
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∫
R3
ǫ
e−ip.x∂µ∂ν∂ρf(x) = i4πδνρ
∂
∂pµ
sin(pǫ)
pǫ
[
1
x
d
dx
f(x)
]
x=ǫ
+i4π
∂3
∂pµ∂pν∂pρ
sin(pǫ)
pǫ
1
x
d
dx
[
1
x
d
dx
f(x)
]
x=ǫ
−ipµ
∫
x
e−ip.x∂ν∂ρf(x).
(A9)
4. Short-distance expansions
∂
∂pµ
[
sin(pǫ)
p
] = pµ
[
−
ǫ3
3
+
p2ǫ5
30
−
p4ǫ7
30
+O(ǫ)
]
.
(A10)
∂2
∂pµ∂pν
[
sin(pǫ)
p
]
= δµν
[
−
ǫ3
3
+
p2ǫ5
30
−
p4ǫ7
30
+O(ǫ)
]
−pµpν
[
−
ǫ5
15
−
p2ǫ7
210
+
p4ǫ9
7560
+O(ǫ)
]
.
(A11)
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FIG. 1. Feynman Rules
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FIG. 3. Vacuum polarization tensor
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FIG. 4. One-loop ghost-gluon vertex
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